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ABSTRACT
The tidal radius is commonly determined analytically by equating the tidal field
of the galaxy to the gravitational potential of the cluster. Stars crossing this radius
can move from orbiting the cluster centre to independently orbiting the galaxy. In this
paper the stability radius of a globular cluster is estimated using a novel approach
from the theoretical standpoint of the general three-body problem. This is achieved
by an analytical formula for the transition radius between stable and unstable orbits
in a globular cluster.
A stability analysis, outlined by Mardling (2008), is used here to predict the
occurrence of unstable stellar orbits in the outermost region of a globular cluster in
a distant orbit around a galaxy. It is found that the eccentricity of the cluster-galaxy
orbit has a far more significant effect on the stability radius of globular clusters than
previous theoretical results of the tidal radius have found. A simple analytical formula
is given for determining the transition between stable and unstable orbits, which is
analogous to the tidal radius for a globular cluster. The stability radius estimate is
interior to tidal radius estimates and gives the innermost region from which stars can
random walk to their eventual escape from the cluster. The timescale for this random
walk process is also estimated using numerical three-body scattering experiments.
Key words: gravitation – stellar dynamics – methods: analytical – stars: kinematics
– globular clusters: general
1 INTRODUCTION
The tidal radius of a globular cluster (GC) is defined as
the point at which stars will escape the cluster’s potential
well and become part of the galactic halo. It is typically
calculated by considering the local equilibrium point in the
potential between the cluster and the galaxy (see King 1962;
Read et al. 2006). The aim of this paper is to determine the
boundary between tidally stable and unstable orbits in a
cluster potential. An unstable orbit refers to a star orbiting
inside the globular cluster that will eventually cross the tidal
radius and escape the cluster. In terms of the removal of stars
the stability boundary is analogous to the tidal radius of a
globular cluster and is predicted using the stability analysis
of Mardling (2008) as applied to GCs on eccentric galactic
orbits and with arbitrary mass ratios.
For the purposes of applying the Mardling stability cri-
terion, the star-cluster-galaxy system is approximated as
follows. A star of mass mi orbits a particle representing
⋆ Corresponding author email: gareth.f.kennedy@gmail.com
the total cluster mass MC which itself orbits the galaxy,
taken as a particle of mass MG. Each of these particles is
treated as a point mass so that the system can be consid-
ered as a general three-body problem. This means that we
require a stability analysis that allows for: (1) mass ratios
of qi = mi/MC ∼ 10−5 and qo = MG/MC ∼ 106, (2) eccen-
tric orbits, (3) large period ratios, (4) inclined orbits and (5)
predicting instability on timescales of the order of ten GC-
galaxy orbital periods. Each of these factors are found in
this work to significantly alter the stability of a three-body
system, so any stability criteria candidate must include all
of these factors and be valid for the appropriate parameter
ranges.
Existing stability criteria in the literature typically
fail at least one of these requirements. For example
Eggleton & Kiseleva (1995) empirically determine a stabil-
ity criterion valid in the mass ratio range 1 < qi < 100
and 10−2 < qo < 10
2, which is not applicable here. More
common is the assumption of coplanar and circular orbits
(e.g. Eberle et al. 2008) or low period ratios approached us-
ing Hill stability (e.g. Barnes & Greenberg 2007) or periodic
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orbits (Voyatzis & Hadjidemetriou 2005; Hadjidemetriou
2006). Fast Lypaunov indicators have been applied to gen-
eral three-body planetary systems as a way of distinguishing
between regular and chaotic orbits (Froeschle´ et al. 1997;
Sa´ndor et al. 2007). However these require that the differ-
ential equations describing the system be numerically inte-
grated for a few hundred times the outer period and then
using the Fast Lypaunov exponents to determine the chaotic
likelihood of a given orbit. The focus of this paper is to pre-
dict the chaotic regions without requiring numerical exper-
iments, only using these to validate the stability analysis.
Our approach is to use the mean motion resonance over-
lap to predict the occurrence of unstable orbits. Wisdom
(1980) gives a good introduction to the application of reso-
nance overlap criterion to the restricted three-body prob-
lem. The interested reader is also referred to the review
by Chirikov (1979). Wisdom (1982) and more recently
Quillen & Faber (2006) give examples of how resonance
overlap theory successfully predicts unstable regions that are
tested with numerical results; although these studies were
limited in scope by low period ratio and coplanarity respec-
tively. Mudryk & Wu (2006) also use resonance overlap to
predict the ejection of a single planet from a binary star
system, however they too are limited to coplanar systems
and use different mass ratios to those required here. The
overlap of nonlinear secular resonances was recently exam-
ined by Wu & Lithwick (2011) and Lithwick & Wu (2011),
but this too is not applicable here since we are interested in
timescales of a few GC-cluster orbits, so mean motion reso-
nances are important while secular resonances do not have
time to occur. The only known stability analysis that meets
all of the previous requirements is the Mardling stability cri-
terion presented in Mardling (2008), with additional terms
for inclined orbits. This is based on the theory of resonance
overlap producing chaotic orbits and is discussed in depth
in Section 2.
A recent comparison between stability criteria in
the context of stellar mass triples was conducted by
Zhuchkov et al. (2010); their tests found that the best sta-
bility criteria were from Valtonen et al. (2008) and Aarseth
(2003). The stability criterion used in Aarseth (2003) does
not include any inclination dependence and is not accurate
for the high mass ratios in the galaxy-GC system. Therefore
in Section 3 we compare the Mardling stability predictions
and the stability criterion of Valtonen et al. (2008) to nu-
merical experiments of inclined orbits.
By approximating the cluster potential as a point mass
in the stability analysis we are assuming that escaping stars
spend most of their time in the outermost regions of the
cluster prior to escape. A simplified treatment of the galac-
tic potential using a point mass of 1011M⊙ is adopted for
analytical convenience. The choice of 1011M⊙ is based on
a circular velocity of 220 km/s at the galactocentric dis-
tance of the sun. This assumption breaks down at large dis-
tances where the halo potential is closer approximated by
an isothermal sphere (e.g. Irrgang et al. 2013). The effect of
an isothermal sphere and more realistic galactic potentials
are examined in an upcoming paper.
Simplifying the star-cluster-galaxy system to a single
three-body problem ignores the effect of mutual interactions
between stars in the cluster, overlooking two-body relax-
ation. This means that in a real cluster, stars will be able to
diffuse over the predicted tidal radius and escape the cluster
from orbits that were initially in stable regions. Generally
the outer regions of the cluster have very long timescales
compared to the timescale of a star’s escape from the clus-
ter. A more detailed timescale comparison, including where
the assumption of two-body relaxation being negligible is
valid, is undertaken in Section 6.
This paper is structured in the following way. A brief
overview of the Mardling stability criterion is presented in
Section 2. Validation of this stability analysis for inclined or-
bits using numerical orbital integrations is presented in Sec-
tion 3 and investigation of the associated escape timescales
in made in Section 6. The stellar orbits occurring inside a
GC, particularly the distribution function for orbital eccen-
tricity, is calculated in Section 4. Section 5 applies the stabil-
ity boundary to calculate the stability radius for a case study
globular cluster of mass Mc = 10
6M⊙ and this is compared
to previous theoretical work from the literature in Section 7.
Conclusions and a discussion of the observational and nu-
merical simulation implications of this work are summarised
in Section 8.
2 MARDLING STABILITY CRITERION
We first summarise the Mardling stability criterion (MSC)
which is based on resonance overlap and outline the algo-
rithm used to determine the stability of any three-body sys-
tem. The criterion for the MSC is given in Mardling (2008),
and interested readers are referred to this study for details
which have been omitted here. The criterion below covers
the more general case where the inner and outer orbits are
relatively inclined by an angle I (Mardling, in preparation).
The inner orbit refers to the orbit of the binary composed
of point masses m1 and m2, while the outer orbit refers to
the orbit of m3 with the centre of mass associated with the
combined mass m12 = m1 +m2.
Predicting unstable systems via resonance overlap has
a long history, beginning with Chirikov (1959) who found
that a motion in a system will change from deterministic
trajectories to chaotic motion once two resonances overlap.
This occurs when K ∼ (∆σ1 + ∆σ2)/Ω12 > 1 where ∆σi
refers to the unperturbed width of resonance i and Ω12 is
the distance between resonances. In this work ∆σn is the
width of the n : 1 mean motion resonance and Ω12 = 1 since
it is the distance in period ratio space between the n : 1 and
n+ 1 : 1 resonances.
We will use the common terminology of a system be-
ing in resonance if the ratio of the outer to inner periods
(σ = To/Ti) is within a distance ∆σ of a particular (n : n
′)
resonance. When a system has initial conditions such that it
is librating in one resonance and a neighbouring resonance is
sufficiently close then it can force it enough to make it circu-
late and jump into another resonance (see also Wisdom 1980
and Laskar 1990 for an application to secular resonances).
This jumping between resonances can occur at any time and
means that two three-body systems with initially very close
conditions will quickly diverge once one jumps to a differ-
ent resonance, leaving the other behind. This sensitivity to
changes in the initial conditions is characteristic of chaotic
motion and is used by the MSC to predict unstable systems.
For a range of orbits, as exists for stars in globular clus-
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ters, the inclination between the inner and outer binary or-
bits is not restricted to the coplanar case. The method given
in Mardling (2008) for calculating the resonance widths does
not include the effect of the relative inclination I . The effect
of inclination on the resonance width is under development
(Mardling, in preparation) and we present here a summary
of the inclination factors relevant to this paper. In addition
to the inclination, the phase of the orbit also changes over
time due to the non-Keplerian motion in the cluster centre
(see Equation 27 for the GC potential model). For simplicity
the maximum possible resonance width is adopted which is
equivalent to taking the resonance angle as zero.
From the formulation given in Mardling (2008) and in-
cluding the inclination terms from Mardling (in preparation)
the resonance width is given by
∆σmnn′ = 2
√
Amnn′ (1)
where for the leading quadrupole term (l = 2) in the spher-
ical expansion of the disturbing function one can write
Amnn′ = max(A2n12,A2n10,A2n1−2,A0n10) (2)
since m = −l, 0, l and limiting to resonances where n′ = 1
and n is a positive integer1 then
Amnn′m′ = −6c22m′s(2m
′)
n (ei)F
(2m)
n (eo)γ2mm′(I)
×
[
m3
m123
+ n2/3
(
m12
m123
)2/3(m1m2
m212
)]
, (3)
with c222 = 3/8 and c
2
20 = 1/4. The approximate dependence
on the inner eccentricity is given by the functions
s
(20)
1 (ei) ≈
ei
9216
(
−9216 + 1152e2i − 48e4i + e6i
)
s
(22)
−1 (ei) ≈ −
e3i
15360
(
4480 + 1880e2i + 1091e
4
i
)
s221 (ei) ≈ −3ei + 138 e
3
i +
5
192
e5i − 2273072 e
7
i (4)
which is valid for 0 6 ei 6 1. The errors between this ap-
proximate expression and the exact integral expression are
less than 1% for ei < 0.8 and < 0.1% for ei < 0.63 (Mardling
2008). The dependence of Equation (3) on the outer eccen-
tricity is approximated by the asymptotic expression
F (22)n (eo) ≈ 8π
√
2π
3
(1− e2o)3/4
e2o
n3/2e−nξ(eo)
F (20)n (eo) ≈ 1√
2πn
(
1− e2o
)−3/4
e−nξ(eo) (5)
where
ξ(eo) =
(
Cosh−1(
1
eo
)−
√
1− e2o
)
. (6)
The relevant inclination factors are
γ222(I) =
1
4
(1 + cos(I))2 (7)
γ220(I) =
√
3
8
sin2(I) (8)
γ22−2(I) =
1
4
(1− cos(I))2 (9)
1 Mudryk & Wu (2006) also found that mean motion resonance
overlaps for high order resonances (e.g. 50:3) can be neglected for
high period ratios.
γ200(I) =
1
2
(
3 cos2(I)− 1
)
. (10)
The MSC, including these inclination terms, has been suc-
cessfully used in n-body codes to avoid integrating stable
triple systems for over a decade (e.g. Aarseth 2003).
As a system evolves on a secular timescale the resonance
widths vary and are at their maximum when ei is maximum.
Therefore the inner eccentricity in Equation (4) needs to be
modified for induced eccentricity in the inner orbit due to
the outer orbit and the secular octopole term. The maximum
eccentricity that can be dynamically induced in the inner
eccentricity by the outer orbit following one passage is given
by
eindi =
[
ei(0)
2 − 2βnei(0) sin(φ2n1) + β2n
]1/2
(11)
where ei(0) denotes the initial inner eccentricity, and
βn =
9π
2n
(
m3
m123
)
(1− eo)3 F (22)n (eo) (12)
where F
(22)
n (eo) is given by Equation (5). As this occurs over
a single outer orbital period then the associated timescale
is τind ∼ To. The eccentricity correction due to the secular
octopole term associated with the n = n′ = 0 resonance,
which is non-zero if m1 6= m2, is
eocti =
{
(1 + α)eeqi , α 6 1
ei(0) + 2e
eq
i , α > 1
(13)
where
α =
∣∣∣∣1− ei(0)eeqi
∣∣∣∣ (14)
and in the limit ei << 1
eeqi =
(5/4)eom3(m1 −m2)(ai/ao)2σ(1− e2o)−1/2∣∣∣m1m2 −m12m3√ai/aoσ√1− e2o∣∣∣ . (15)
The characteristic timescale for the secular resonance can
be determined by solving the time derivative for the inner
eccentricity given in equation 48 of Mardling (2013) and tak-
ing the timescale as the oscilation period ei. This timescale
is then
τoct = To
16
15
√
7
(
MG
MC
)1/3
σ5/3
(
1− e2o
)5/2
eo
(16)
which is ∼ 103To for typical values used later and
is consistent with the expectation of ∼> 103Ti from
Murray & Dermott (1999).
For inclined systems an additional secular effect is im-
portant, this is known as the Kozai effect (see Innanen et al.
1997) and involves a relationship between the eccentricity
and inclination such that the maximum eccentricity induced
by the Kozai mechanism is
eK =
√
1
6
∣∣Z + 1− 4A2 +√D∣∣ (17)
where
A = cos I
√
1− ei(0)2 (18)
Z = (1− ei(0)2)(1 + sin2 I)
+ 5ei(0)
2(sin̟ sin I)2 (19)
and
c© 0000 RAS, MNRAS 000, 000–000
4 Gareth F. Kennedy
D = 16A4 − 20A2 − 8A2Z − 10Z + Z2 + 25, (20)
which all depend on the initial eccentricity of the inner bi-
nary, ei(0), the initial relative inclination between the inner
and outer orbits, I , and ̟ = ̟o−̟i. The timescale for the
Kozai cycle from Innanen et al. (1997) and put in a more
convienient form is
τK =
MC
MG
Toσ
(
1− e2o
)3/2
(21)
which gives τK ∼ 10−4To for typical values used later.
The eccentricity determined by Equation (17) is the
maximum possible eccentricity that comes out of this Kozai
cycle that gives the maximum resonance width (Mardling, in
preparation). This means that the maximum eccentricity in-
duced by the Kozai mechanism (eK) must also be included
in the inner eccentricity functions given in Equation (4).
This is achieved by replacing ei in these equations with the
theoretical maximum inner eccentricity given by
ei = max(e
ind
i , e
oct
i , eK) (22)
where eindi is the induced eccentricity due to the outer bi-
nary orbit (Equation 11) and eocti is the eccentricity correc-
tion due to the octopole term (Equation 13). As the Kozai
mechanism relates the eccentricity and inclination then the
inclination used in Equation (7)-(10) must be replaced by
the maximum possible inclination over a Kozai cycle (IK).
The maximum inclination is given by
cos(IK) =
A√
1− eK
(23)
sin(IK) =
√
1− cos2 IK . (24)
Each resonance width is calculated using the maximum ei
(Equation 22) and inclination IK (Equations 23 and 24) to-
gether with Equation (13). For the application to GC orbits
in a galactic tidal field a given set of system parameters
(m1, m2, m3, eo and Rp) are fixed and the stability for each
particular set of ei(0), σ and inclination I is determined.
From timescale arguments only the induced eccentricity
(τind ∼ To) and the Kozai eccentricity (τK << To) will be
significant when applied to GCs. Secular evolution can safely
be ignored since the timescale is τoct ∼ 103To, in addition
to this the magnitude of eoct is far smaller than the other
eccentricity effects for all parameters of interest here. The
stability criterion updated with the new inclination terms
for the masses relevant to this study is tested in the next
section.
3 TESTING STABILITY OF INCLINED
SYSTEMS
In this section numerical orbital integrations are used to test
the stability and timescale of escape of the stellar particle
from the cluster potential for a range of period ratio σ, stellar
orbital eccentricity ei and relative inclinations I . In all cases
the system is set up using the previously stated convention,
i.e. the inner binary is composed of a stellar particle of mass
1 M⊙ orbiting a cluster particle of mass 10
6M⊙ which itself
orbits a galaxy particle of mass 1011M⊙. For direct com-
parison with the stability analysis all masses are assigned
point mass potentials and orbital elements are calculated
assuming Keplerian motion.
The numerical three-body orbits were solved numeri-
cally using a Bulirsch-Stoer integrator (Press et al. 1986) for
1 Gyr or until one of the particles escaped the system. The
computations were carried out for eo = 0.5 and with I = 0
◦,
30◦ or 60◦ for a grid of 0 6 ei 6 0.85 with ∆ei = 0.01
and 12 6 σ 6 25 with ∆σ = 0.1 making a total of 11266
simulations per inclination2. In addition each of these sim-
ulations consisted of 10 random realisations of the relative
initial phase of the orbit to get a fraction of unstable orbits,
this is equivalent to 860 realisations per σ value after aver-
aging over ei (see below). Simulations are run until the star
escapes beyond two times the King radius, which is given
by (King 1962)
RK = 0.7Rp
(
MC
MG
)1/3
(3 + eo)
−1/3 (25)
and is based on the Jacobi radius, with a correction factor
of 0.7 fitted to numerical results. The resulting fraction of
orbits where one body escapes to 2RK as a function of the
period ratio (σ) and the inner eccentricity (ei) is shown in
Figure 1. Note that one gets nearly identical results with a
numerical test for chaos such as the maximum separation in
semi-major axis of initially nearby orbits, similar to the test
by Wisdom (1980). We have chosen to focus on the frac-
tion of stars that escape the cluster since the timescale for
the star to escape beyond the tidal radius is also of inter-
est (see below). All simulations were conducted over many
months using the computational facilities of the Monash
eScience and Grid Engineering Laboratory (MeSsAGE Lab)
(Abramson et al. 2000).
Predictions of two stability criteria were tested against
the numerical results for the fraction of escaping stars shown
in Figure 1. These being the MSC discussed in the previ-
ous section and the stability criterion from Valtonen et al.
(2008) which Zhuchkov et al. (2010) found to be the most
accurate stability criterion of those they tested. Orbital in-
clination effects are included in the Valtonen et al. (2008)
stability criterion, however there is no treatment of the ec-
centricity of the inner orbit (ei). Rewriting their stability
criterion for the period ratio gives
σV = 3
3/2 (1− eo)−21/12
(
7
4
+
1
2
cos I − cos2 I
)1/2
(26)
where all quantities have been defined previously. It is worth
noting that we are using their criterion outside of the mass
range that it was originally tested in, and so do not expect it
to be as accurate as the MSC. The critical period ratio given
by σV is indicated by a blue triangle on the σ-axis for each
inclination in Figure 1. The King radius (Equation 25) is also
shown as a blue curve in these figures where all orbits above
the curve are expected to escape. The King radius is not a
good predictor of escaping stars for high inclination orbits
as it is based on a simple coplanar analysis, this discrepancy
is seen for high σ with I = 60◦.
2 Simulations with ei > 0.85 required extremely short time-steps
and therefore very long computational times. While simulations
run with poor time resolution gave spurious results in favour of
unstable orbits. For these reasons simulations with ei > 0.85 are
not included here, note that this choice does not affect the deter-
mination of the stability boundary nor any of the results presented
hereafter.
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(a) Stability profile for I = 0◦
(b) Stability profile for I = 30◦
(c) Stability profile for I = 60◦
Figure 1. Fraction of stars escaping beyond 2RK from the cluster
centre as determined from numerical results of a GC-galaxy orbit
with eo = 0.5 and mass ratios of m2/m1 = 10−6 and m3/m1 =
105. Resonance boundaries, shown in red when overlapping and
green otherwise, are calculated using the Mardling formulation
given by Equation (1)-(24) and are significantly more successful
at predicting the escape of stars than the King radius (blue line,
Equation 25) and the Valtonen stability criterion (blue triangle,
Equation 26).
The resonance widths for each period ratio, as calcu-
lated by MSC using Equation (1), are shown in Figure 1 as
red curves when they overlap and green curves otherwise.
The points where two resonances overlap (red points) mark
out the predicted boundary between unstable (low σ) and
stable (high σ) orbits. Unstable orbits are expected to pro-
duce stars that escape the cluster. As expected, the MSC
gives a much more accurate and detailed prediction of the
occurrence of escaping stars compared to the stability cri-
terion of Valtonen et al. (2008) for all the tested inclination
values of I = 0◦, 30◦ and 60◦. Note that the steepness of the
stability transition region increasingly becomes more ‘verti-
cal’ as the inclination increases, which was also seen in the
context of a binary star system encountering a third body
on an inclined parabolic orbit by Donnison (2006).
The purpose of this section was to establish that the
Mardling stability criterion is valid for inclined orbits. The
MSC was found to be an excellent predictor of unstable re-
gions for the inclined orbits over a wide range of period
ratio, inner eccentricity and phase. The timescale for a star
to escape the cluster is further examined in Section 6 in the
context of which GC orbits one would expect three-body
instability to be a significant factor.
4 STELLAR ORBITS IN GLOBULAR
CLUSTERS
The MSC consists of a stability analysis to determine par-
ticular orbital configurations of the three masses which are
unstable to the escape of one of the masses. In the case of
a star-cluster-galaxy system the only energetically possible
end state for such an unstable configuration is the escape of
the star from the cluster. Therefore stars on orbits that are
found to be unstable are predicted to eventually escape the
cluster. Before applying this to stars in a GC the distribu-
tion function of orbital elements, particularly the eccentric-
ity, must be known.
Once again point mass potentials are used for the galaxy
and cluster, which is valid for the star-cluster and cluster-
galaxy distances of interest here. The three body system is
then described by a star mi = 1 M⊙, the globular clus-
ter MC = 10
6M⊙ and the galaxy MG = 10
11M⊙. In the
notation of the stability analysis in Section 2 the orbit of
the star-cluster is referred to as the inner orbit composed of
m1 =MC and m2 = mi, and the orbit of the cluster-galaxy
as the outer orbit (where m3 =MG).
Using the MSC a boundary between predominately un-
stable and stable orbits is sought, separated by a period ra-
tio σu. The transition between the unstable exterior of the
cluster and stable interior is characterised by two additional
period ratio values σmin and σmax. The difference between
σmax and σmin represents the width of the transition region
and can be used to estimate a maximum and minimum tidal
radii range for globular clusters. A conceptualisation of the
different stability regions for stellar orbits within a cluster
is shown in Figure 2.
To determine the stability boundary inside a cluster
we need to average over the eccentricity and inclination for
the star-cluster orbit. In the case of the relative inclination
between the star-cluster orbit and the cluster-galaxy orbit
this is trivial, assuming a cos I distribution. In addition the
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. Conceptualisation of the stability of stellar orbits in
a globular cluster. The distance from the cluster centre associ-
ated with the transition from unstable (dark shading) to stable
orbits (unshaded inner region) is indicated by the ratio of outer
to inner periods σu. The region where orbits can be found in ei-
ther unstable or stable configurations is shown as a light shading
between σmin and σmax. The cluster is truncated at the maxi-
mum theoretical tidal radius which is equivalent to RKing given
by Equation (25).
period ratio, which requires an orbital period for the star-
cluster, can be simply determined by assuming a point mass
potential. This is valid in the outer regions of the cluster
where the stability boundary occurs. However the eccentric-
ity distribution is not so straight forward.
To estimate a realistic eccentricity distribution for stars
inside a globular cluster a simple simulation of N = 104 par-
ticles in a non-Keplerian potential is computed. This num-
ber of particles was found to give sufficient resolution for the
required distribution, while being computationally efficient.
A globular cluster is modelled using a Plummer sphere
with gravitational potential given by (Binney & Tremaine
1987)
Φ =
−GMC√
b2 + r2
(27)
where G is the gravitational constant, MC is the mass of
the cluster, r is the radial distance, and b is a softening
parameter chosen to describe the compactness of the cluster.
For b = 0 the Plummer potential reduces to the potential
for a point mass of mass MC . For simplicity a value of b =
1 is assumed from herein. The physical scale for b = 1 is
approximately 0.77 times the half-mass radius so that the
potential is close to Keplerian at a few R1/2, which is well
inside the tidal radius for typical GC-galaxy orbits in the
Milky Way.
Numerically modelling such a cluster requires the N
particles to be distributed such that the combined gravi-
tational potential is equivalent to the Plummer potential,
and the velocities are distributed by the equations given in
Aarseth et al. (1974). The initial distribution of particles is
achieved using the mass enclosed within a particular radius
along with von Neumann’s rejection technique for random
Figure 3. The distribution of eccentricities for stellar orbits in
a Plummer sphere with b = 1 and using an isotropic velocity
distribution. A Beta distribution is fit to the data of the form
given in Equation (28) and is shown as a grey curve for the best
fit. The eccentricity distribution has a mean of e¯i = 0.47 for both
the data and the fitting function.
sampling from a distribution to determine the velocities.
Here the same procedure as that of Aarseth et al. (1974)
is followed, except for the alterations made to account for
the cluster compactness parameter b and for truncating the
cluster at the King radius (Equation 42). Further technical
details of this method can be found in Kennedy (2008).
To calculate the orbit of each particle a Bulirsch-Stoer
integrator (Press et al. 1986) was used until a minimum and
maximum distance could reliably be determined, which was
then used to give an eccentricity. The distribution of ec-
centricities for particle orbits in a cluster is shown in Fig-
ure 3. Note that this eccentricity distribution is consistent,
in terms of the shape and average value, with a full N-body
integration conducted for a globular cluster using φ-GRAPE
(Harfst et al. 2007).
An integrable function that fits the eccentricity distri-
bution in Figure 3 was sought, and the Beta distribution
was found to provide the required fit. The Beta distribution
is given by
f(ei) =
1
B(α, β)
eα−1i (1− ei)β−1 (28)
where B(α, β) is the Beta function and the mean of the
distribution is given by α/(α + β). For the fitting function
plotted as a grey curve in Figure 3, α = 2.691732 and we fix
β = 3 for mathematical convenience. This value of α ensures
the same mean eccentricity value of e¯i = 0.47 for the fitting
function as for the distribution. The cumulative probability
distribution for Equation (28) with β = 3 is
F (ei) =
1
B(α, β)
(
1
α
eαi − 2
α+ 1
eα+1i +
1
α+ 2
eα+2i
)
(29)
where we can take advantage of the relationship between the
Beta and Gamma functions to write
B(α, β = 3) =
2
α (α+ 1) (α+ 2)
(30)
which is used when averaging over the eccentricity distri-
bution to derive the fraction of unstable orbits in the next
section.
Before moving onto the application of the stability
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(a) Regions of overlapping resonances (I = 0◦)
(b) Fraction of unstable orbits (I = 0◦)
Figure 4. Resonance widths for a particle orbiting the cluster
core with a perturbing galaxy on a coplanar eo = 0.5 orbit for
m2/m1 = 10−6 and m3/m1 = 105. Regions of resonance overlap
are shaded in red to show the predicted unstable orbits in panel
(a), while regions inside a single resonance width are shaded in
green. Panel (b) shows the predicted fraction of unstable orbits
as a function of the ratio of outer to inner orbital periods after
averaging over the distribution of eccentricities in a cluster (shown
in Figure 3).
boundary to a simple globular cluster model it is worth not-
ing that the final analysis from Sections 5 and 7 was repeated
with 2 < α < 10 and β = 3. This is equivalent to changing
the f(ei) distribution to become more dominated by radial
orbits. It is important to test this since the effective value of
α increases with decreasing σ (i.e. increasing distance from
the cluster centre), since distantly orbiting stars must have
increased eccentricities to remain energetically bound to the
cluster. It was found that the stability boundary does shift
but the maximum relative error in any σ value was 10% with
errors typically less than 5%, which translates into a rela-
tive error of less than 5% for all radii. This means that the
tidal radius predictions made in this paper are not strongly
affected by the adopted eccentricity distribution.
5 APPLICATION TO GLOBULAR CLUSTERS
AND APPROXIMATING THE STABILITY
RADIUS
To demonstrate the stability analysis process the MSC is ap-
plied to a co-planar system with outer eccentricity eo = 0.5
following the method given in Section 2. The resonance
widths for n : 1 type resonances are determined from Equa-
tion (1) and are shown in Figure 4 (a) as a function of
σ = To/Ti for m2/m1 = 10
−6 and m3/m1 = 10
5.
Regions where the system resides in a single resonance
are shaded green in Figure 4 (a) and the boundary of this
region (the separatrix) is indicated by a black curve. The
resonance width calculated by Equation (1) is the distance
of the separatrix from exact resonance (n : 1). Regions where
two or more resonances overlap are shaded in red to indicate
theoretically unstable orbits. In the context of globular clus-
ters, stars on these orbits are expected to eventually escape
from the cluster.
Unstable systems can still occur near the separatrix (see
Figure 15 of Mardling 2008), which means that the predicted
unstable regions are a conservative estimate. The criterion
of an unstable system being any system that resides in two
resonances simultaneously is adopted as a quick diagnostic
and gives a good estimate as to where most unstable regions
of σ-ei space occur.
By summing along the inner eccentricity weighted by
the eccentricity distribution function for stellar particles in
a Plummer sphere given by Equation (29) the fraction of
unstable orbits as a function of σ can be determined. By
introducing a stability function S(σ, ei) which is 1 if the
system is unstable and 0 otherwise, then the fraction of un-
stable orbits can be written as
funstable(σ) =
∫ 1
0
f(ei)S(σ, ei)dei (31)
where f(ei) is given by Equation (28). The fraction of un-
stable orbits for the co-planar eo = 0.5 system is shown in
Figure 4 (b) using the stability values from panel (a).
The final fraction of unstable orbits as a function of
the period ratio σ is determined by averaging Equation (31)
across the range of relative inclinations between the star-
cluster and cluster-galaxy orbits. For orbits with relative
inclination I the inclination terms listed in Section 2 are
used to calculate the resonance width and hence the stability
of orbits. The final fraction of unstable orbits can be written
as
fu(σ) =
∫ 2π
0
g(I)funstable(σ, I)dI (32)
where for a uniform sphere the distribution function for in-
clination is given by
g(I) =
1
2π
(1 + cos 2I) . (33)
In practice both equations (31) and (32) are calculated nu-
merically using a resolution of ∆ei = 0.005, ∆I = 10
◦ and
∆σ = 0.05. The fraction of unstable orbits after averaging
over the relative inclination and eccentricities of stellar or-
bits within a cluster, as determined by Equation (32), is
shown in Figure 5 (a), (b) and (c) for eo = 0.2, 0.5 and 0.8
respectively.
To characterise the stability boundary three period ra-
tio values are used, all of which are found numerically when
calculating fu(σ). Firstly there is the representative value
σu which is defined as the lowest σ value where the fraction
of unstable orbits drops beneath 10%, this is shown as the
red solid line in Figure 5. The maximum period ratio σmax
is defined as the highest σ value for which fu(σ) > 10
−3
and represents the deepest into the cluster that stars can
be on unstable orbits. The final value σmin is defined as
the lowest period ratio where fu(σ) < 0.5, this criterion is
used to divide the unstable region into two categories. The
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(a) eo = 0.2
(b) eo = 0.5
(c) eo = 0.8
Figure 5. The effect of the outer eccentricity on the fraction of
unstable orbits (fu(σ)) against the period ratio (σ). The unstable
fraction is averaged over the inner eccentricity and the relative
inclination by Equation 32. The transition from unstable to stable
orbits σu is shown as a vertical dashed line and is the lowest σ
value where the fraction of unstable orbits drops beneath 10%.
The minimum and maximum σ values associated with the width
of this transition are shown as dotted lines while the King radius
is shown as a dashed line. Note the increase in the range of σ as
eo increases.
first category is represented by σ < σmin which is where all
stars are unstable to escape from the cluster, and the sec-
ond by σmin < σ < σu where stars on prograde orbits are
preferentially removed. It is well established that stars on
retrograde orbits are more stable to escape than prograde
orbits (e.g. Read et al. 2006), which is expected from the in-
clination terms in the MSC given in Equation (7)-(10). The
minimum and maximum period ratios are shown as dotted
lines in Figure 5 and the period ratio associated with the
King radius (Equation 25) is shown as dashed lines. These
three period ratios characterise the transition from stable or-
bits inside the cluster to unstable orbits in the outer regions
of the cluster, as illustrated in Figure 2.
From Figure 5 the transition from unstable to stable or-
bits (σu) increases as outer eccentricity (eo) increases. This
is due to the dependence of the resonance width on the
combination nξ(eo) in Equation (5), where n refers to the
n : 1 resonance. This quantity is always positive and as it
increases the resonance width rapidly falls to zero. Unstable
systems therefore require nξ(eo) to be as close to zero as
possible, which is achieved for high values of n (and σ) if eo
is also high. Physically, this reflects the fact that an expo-
nentially small amount of energy is exchanged between the
inner (star-cluster) and outer (cluster-galaxy) orbits when
their orbits are very wide (Mardling 2008).
Figure 6. The effect of the galactic orbital eccentricity of the
cluster on the transition from unstable to stable star-cluster or-
bits. The transition σu is shown as a solid line and is used as an
estimate for the stability radius, while the associated transition
width values σmin/max are shown as dotted lines.
The width of the transition from unstable to stable or-
bits also increases with eo as seen in the progression of panels
(a) through (c) of Figure 5. Note that the basic structure of
peak stability occurring at integer values of σ and stability
increasing with increasing σ is consistent for all eccentric-
ities. This phenomenon is expected since resonance widths
from the n : 1 and n+1 : 1 resonances (where n < σ < n+1)
overlap at the midpoint between these resonances, as seen
previously in Figure 4 (a) for the coplanar case.
The results for all eccentricity values are shown in Fig-
ure 6, from which a near exponential dependence of σu on eo
is seen. This is also true for the width of the transition be-
tween unstable and stable orbits as represented by σmin/max
and shown as dotted curves on each side of σu in Figure 6.
Note that the coarseness in the curves for all σ values for
low eccentricities is due to a resolution of 0.1σ used when
producing this figure. For high eccentricities it is clear from
the figure that there is a large range in period ratios from
which stars can potentially escape the cluster.
The transition value of σu is used in Section 7 to cal-
culate the stability radius for a given perigalacticon and ec-
centricity of the cluster orbit about the galaxy. The width
of the transition from unstable to stable orbits, given by
σmin/max, is used to provide approximate error bars associ-
ated with the stability radius. The approximate dependence
of the stability boundary period ratio on the eccentricity is
found by fitting all data points in Figure 6, giving
σ(eo)
−3/7 = 0.03869 exp (−6.3218eo) (34)
where the form is chosen for convenience when calculating
the relaxation timescale in Section 6.
This stability radius calculation is intended to be gen-
erally applicable to the entire system of globular clusters.
However in determining σ(eo) the mass ratios have been
taken as constant. This is implicitly reflected in the stellar
cluster model used to determine the probability distribution
for the eccentricity of stellar orbits within the cluster (Equa-
tion 29). This cluster consisted of 1M⊙ particles in a cluster
of mass MC = 10
6M⊙, which will not be true of all clusters.
Changing the cluster mass is expected to have a small
effect on the resonance width calculation and therefore on
c© 0000 RAS, MNRAS 000, 000–000
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the stability boundary as a function of eccentricity. This
can be demonstrated by considering the mass dependence
of Equation (3) when m2 = mi ≪ MC = m1 and m1 =
MC ≪MG = m3, which can be simplified to
∆σ ∝
√
1 +
(
ao
ai
)(
MC
MG
)2/3
(35)
where for distant globular clusters ao ∼ 10 kpc, ai ∼ 10
pc and MG = 10
11M⊙ means that this term is effectively
independent of mass for 104 ∼< MC/M⊙ ∼< 106. Since the
resonance width does not depend on the choice of mi the
numerical and analytical results presented here are applica-
ble to real GCs with a mean stellar mass of mi ≈ 0.4M⊙.
We can therefore apply the σ(eo) relationship derived in this
section to all cluster masses for distant globular clusters.
6 EXPECTED REGION OF VALIDITY
A region in GC-galaxy orbital phase space is sought such
that three-body instability occurs on a timescale shorter
than the age of the GC and the relaxation timescale. To
this end the time taken for a star to escape the cluster is de-
termined from the numerical integrations presented in Sec-
tion 3. These are then compared to the calculated relaxation
timescales at the stability boundary to see if sufficient time
is available for the star to escape.
The balance between the escape timescale and the re-
laxation timescale is important because the three-body in-
stability is a resonance effect so it will be disrupted by the
random kicks from two-body encounters. As the MSC can
only predict the occurrence of unstable orbits and cannot be
used to determine the associated timescale numerical exper-
iments must be used. Firstly, Ttidal is defined to be the time
taken for a star to escape beyond 2RK from the cluster par-
ticle; given that the star did escape before the end of the
simulation. Secondly, the previous numerical experiments
(Section 3) are used to show this timescale as a function
of σ and ei averaged over 10 randomly selected phase an-
gles. The resulting timescales in units of the outer period are
shown in Figure 7 for a relative inclination of 30◦; note that
similar results were found for I = 0◦ and I = 60◦. The key
result is that for unstable regions of σ and ei the timescale
is typically less than 10 outer orbits, but can be as high
as 100To near the stability boundary. Using the eccentricity
averaging method described in Section 4 the average escape
timescale can be determined from the numerical results for
each inclination. The median escape timescales against the
period ratio for each inclination are shown in Figure 8 (a).
The associated 68% confidence interval around the median
values are indicated by dotted curves for each inclination.
Two-body relaxation is an internal process and as such
does not depend on the GC-galaxy orbit, only on the internal
structure of the cluster. This means that a half-mass radius
must be chosen to compare the relaxation timescale to the
escape timescale. The two-body relaxation time at the half-
mass radius is given by Spitzer (1987)
Trx(rh) =
0.14N
2π ln(0.4N)
Ti(rh) (36)
where Ti(rh) is the orbital period of star with semi-major
axis given by the half-mass radius and we choose rh = 4 pc.
Figure 7. Timescale for the stellar particle to escape beyond
two times the tidal (King) radius as a function of period ratio
and inner eccentricity. Each point represents the average of 10
random realisations of the initial phase of the orbit. Timescales
for the case with relative inclination of 30◦ are shown here in units
of the outer period (To); similar results were found for I = 0◦ and
I = 60◦.
The relaxation timescale at the half-mass radius in units of
the period of the GC-galaxy orbit (To) against perigalacti-
con (Rp) is shown as the red dashed line in Figure 8 (b).
For a cluster mass of 106M⊙ the relaxation timescale is ap-
proximately 1.3 Gyr at the half-mass radius, but it is the
timescale at the stability boundary that is of interest there,
so the radial dependence for the relaxation timescale is re-
quired.
Describing the GC as a Plummer sphere then the den-
sity profile in the outer regions is ρ ∝ r−5 and the velocity
dispersion is v ∝ r−1/2 so the radial dependence of the re-
laxation timescale is approximated by
Trx(r) ∝ v
3
ρ
∝ r7/2. (37)
Assuming a star near the stability boundary is sufficiently
distant from the cluster centre such that the period is Keple-
rian, then Ti ∝ r3/2 and σ = To/Ti ∝ r−3/2 so Equation 37
can be written in terms of the period ratio at the half-mass
radius (σh) as
Trx(σ) = Trx(rh)
(
σ
σh
)−7/3
(38)
whereby assuming the outer period is also Keplerian then
Trx(σ)
Trx(rh)
=
(
MC
MG
)7/6 (Rp
rh
)7/2
(1− eo)−7/2 σ−7/3. (39)
The period ratio at the stability boundary is constant for
a given eccentricity (see Figure 6) and so the relaxation
timescale at the stability boundary increases rapidly with
perigalacticon. The stability region (σmin < σ < σmax)
is shown as the shaded grey region in Figure 8 (b). The
timescale for a star to random walk out of the cluster due to
three-body instability is less than the two-body relaxation
time in the regions below grey region. The final constraint
shown in Figure 8 (b) is the approximate age of the Milky
Way globular cluster system, taken as Tage = 10 Gyr, which
imposes an upper limit on how many GC-galaxy orbits are
possible.
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(a) Escape timescales for eo = 0.5
(b) Available timescale for star to escape
Figure 8. Top panel shows the average timescale for a star to
exceed the King tidal radius (2RK) against the period ratio σ
for stars that are unstable to escape. The timescales (Ttidal) are
averaged over the star-cluster orbital eccentricities using the nu-
merical results for eo = 0.5 taking rh = 4 pc and MC = 10
6M⊙.
The inclination dependence is shown with I = 0◦, 30◦ and 60◦
as black, red and green curves respectively and the associated
68% confidence regions are indicated by dotted lines. The bot-
tom panel shows the half-mass relaxation timescale (red dashed
line), relaxation timescale for the stability boundary defined as
σmin < σ < σmax (grey region) and the approximate age of
the galactic GC system (black curve) against the perigalacticon,
assuming eo = 0.5 and a Keplerian galactic potential.
By comparing the amount of time needed for a star to
escape the cluster (Figure 8 a) with the amount of time
available (Figure 8 b) the regime where chaotic effects are
important can be determined. There is a wide range of peri-
galacticon values where stars are subject to escape by three-
body instability; namely 0.5 ∼< Rp/kpc ∼< 11 for an escape
time of Ttidal = 10To. The lower limit of this range is set by
the relaxation timescale at the stability boundary and the
upper limit is set by the age of the galactic GC system.
The results presented in Figure 8 are specific to an GC-
galaxy orbital eccentricity of 0.5 so the effect of changing the
eccentricity on the perigalacticon range must be examined.
At the upper limit the same constraint based on the available
time for the GC-galaxy orbit still applies. While at the lower
limit the effect of eccentricity on the relaxation timescale
and the stability boundary is determined by substituting
the stability boundary dependence on eccentricity given by
Equation 34 into Equation 39 giving
Trx(eo) ∝ 0.03869 exp (−6.3218eo)
(1− eo)7/2
(40)
which has a local minimum at eo = 0.45, close to the chosen
eccentricity value of 0.5, so Figure 8 (b) shows the worst case
scenario. In other words all other eccentricities will increase
the relaxation timescale at the stability boundary and there-
fore increase the perigalacticon region where three-body sta-
bility is significant.
In summary two key results have been found, firstly that
the timescale for a star to escape the cluster was found to be
of the order of 10 GC-galaxy orbital periods. Secondly that
for these half-mass radius, MC and eo values, the timescale
associated with three-body instability leading to stars cross-
ing the tidal radius is sufficiently rapid for GC-galaxy orbits
with Rp greater than 1 kpc. As there is sufficient time for
stars to escape the cluster via the three-body instability for
most, if not all, GCs in the Milky Way system we can pro-
ceed to apply the stability boundary to real GC orbits.
7 COMPARISON WITH PREVIOUS
THEORETICAL WORK
Two theoretical estimates for the tidal radius from the lit-
erature are compared to the stability radius derived from
the MSC method. The first estimate from the literature is
the most commonly used tidal radius estimate in the field
derived by King (1962) and will be referred to as the King
radius. The second is an extended analytical determination
that was also compared to N-body simulations for a sin-
gle set of orbital parameters, this determination is given in
Read et al. (2006) and will be referred to as the Read radius.
To aid comparison between these estimates the eccen-
tricity dependence is separated out so that the tidal radius
can be written as
rt = Rp
(
MC
MG
)1/3
f(eo) (41)
where MC and MG are the masses of the cluster and galaxy
respectively, eo is the eccentricity of the clusters orbit around
the galaxy, and Rp is the distance of closest approach to the
galaxy, referred to as the perigalacticon.
The simplest case to determine analytically is to con-
sider a star located where the acceleration on the star in the
rotating frame is zero and the velocity of the star relative to
the cluster centre is also zero. Such a star will be on a radial
orbit with respect to the centre of the cluster. For a star on
a radial orbit and using point mass potentials for the cluster
and galaxy the eccentricity dependence of the tidal radius is
given by (King 1962)
f(eo) = k (3 + eo)
−1/3 (42)
where if k = 1 the Jacobi radius is recovered. Here the con-
stant k = 0.7 is used, as was introduced by Keenan (1981)
to better fit observations of the galactic globular clusters.
Read et al. (2006) extended the tidal radius calculation
of King (1962) by including the Coriolis terms in the equa-
tions of motion, which takes the effect of the orbit of the
star into account. To simplify the equations of motion they
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limited their analysis to co-planar systems with stars on pro-
grade or retrograde circular orbits or purely radial orbits.
They found that a star has zero acceleration in the rotating
cluster frame if the eccentricity dependence of the distance
from the cluster is given by (Read et al. 2006)
f(eo) =
(
1
1 + eo
)1/3
√
α2 + 1 + 2
1+eo
− α
1 + 2
1+eo


2/3
(43)
where α = 0 denotes a star on a purely radial orbit with
the cluster centre in the rotating cluster frame and reduces
to Equation (42) in this case. The analysis by Read et al.
(2006) also considered cases where the radial velocity is zero
at the point of zero acceleration, which occurs stars on cir-
cular orbits and is described in the tidal radius equation
by setting α = 1 or −1 for prograde and retrograde or-
bits respectively (note that α = −1 gives rt greater than
the King radius). For later comparison we define the Read
radius as Equation (43) with α = 1, representing an easily
tidally stripped cluster. The Read radius compared well with
two N-body simulations of 107M⊙ satellite clusters using
N = 105 particles with orbital parameters of perigalacticon
Rp/R1/2 = 267 and eccentricity eo = 0.0 and perigalacti-
con Rp/R1/2 = 77 and eccentricity eo = 0.57 (Read et al.
2006). A summary of alternate equations for the tidal ra-
dius designed to fit observations can be found in Bellazzini
(2004).
For the stability boundary determined in Section 2 to
be useful it must first be converted into an equivalent radius
from the cluster centre. Assuming that the gravitational po-
tential of the cluster is well approximated by a point mass at
distances of the tidal radius for clusters of interest then the
stability radius can be written in the same form of Equa-
tion (41). By converting the period ratio shown in Figure 6
into an equivalent semi-major axis (ai) via To = σTi and
using the resulting ai as rt then the eccentricity dependence
itself as defined by f(eo) in Equation (41) can be deter-
mined. The values for f(eo) as determined from the period
ratio σ dependence on eccentricity (Figure 6) are shown as
the data points in Figure 9. These data can be fit by
f(eo) = exp
[
N=7∑
i=0
ai(eo)
i
]
(44)
where the coefficients are given in Table 1 for the mini-
mum, maximum and indicative (unstable) radii. Note that
the maximum boundary is also well approximated simply by
fmax ≈ 0.42, especially for higher eccentricities.
Recall from Section 5 that stars on prograde orbits are
predicted to be preferentially removed relative to stars on
retrograde orbits. This was also seen in Figure 5 where only
prograde orbits are unstable in the region between σmin and
σu. Therefore more stars with retrograde orbits exist in the
outer regions on the cluster, leading to a net rotation being
predicted between the indicative radii (fu) and the maxi-
mum radii (fmax).
From Figure 9 we see that the boundary between stable
and unstable orbits occurs interior to both the Read and
King tidal radius estimates. However the stability boundary
is not equivalent to the tidal radius. This is because although
chaotic orbits will eventually result in the escape of the star
from the globular cluster, this occurs via a random walk
fu fmin fmax
a0 -0.89462 -0.907914 -0.696568
a1 -2.36353 -1.67172 -3.83438
a2 17.6103 7.2727 36.6515
a3 -77.3899 -23.8429 -177.338
a4 185.385 36.8088 461.984
a5 -247.308 -22.2994 -657.971
a6 171.836 -1.80097 482.319
a7 -48.6078 4.73382 -142.327
Table 1. Coefficients for fit to fu(eo) and the minimum and
maximum extents of the marginally chaotic zone. For radii with
f(eo) < fmin(eo) all orbits are expected to be stable, whereas for
f(eo) > fmax(eo) they are expected to all be chaotic.
Figure 9. The eccentricity dependence of the stability radii as-
sociated with the MSC prediction are shown as data points along
with a solid line fit given by Equation (44), the King radius as
dashed lines and the prograde Read radius as dotted lines. The
retrograde Read radius (α = −1) is not shown since f(eo) ∼ 1
for all eccentricites. Coefficients to fitting functions are given in
Table 1 along with the minimum (red) and maximum (green) fits.
process. Therefore there will be stars remaining outside the
stability boundary for approximately 10 GC-galaxy orbits;
under various assumptions of the GC orbit and cluster half-
mass radius (see Section 6).
By increasing the binding energy of stars in the outer
regions of a cluster, chaotic diffusion will contribute to
the ‘potential escapers’ population of stars discussed by
Fukushige & Heggie (2000). They found that there exists
a population of stars with energy greater than the poten-
tial energy at the tidal radius whose escape timescale can
be longer than the cluster age. Ku¨pper et al. (2010) found
using N-body simulations that the potential escapers cause
a smoothing out of the velocity dispersion inside of the tidal
radius. This difference in the velocity dispersion to what
is expected for a relaxed and isolated globular cluster forms
the basis for the second paper in this series (Kennedy 2014).
For some globular clusters, stars that should theoreti-
cally be removed by the random walk in binding energy as-
sociated with three-body instability will not escape due to
this process being suppressed by two-body relaxation. The
perigalacticon range for the GC-galaxy orbits where this is
expected to occur has been shown in Figure 8 for eo = 0.5
with a half-mass radius of 4 pc. The ratio of the escape
c© 0000 RAS, MNRAS 000, 000–000
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timescale to the relaxation timescale is further examined in
Kennedy (2014) when the stability boundary is determined
for a sub-sample of Milky Way globular clusters. In addi-
tion, Kennedy (in preparation) will investigate the escape
process in far more detail using a high resolution N-body
simulation in a realistic galactic potential for many galactic
orbits.
8 DISCUSSION AND CONCLUSIONS
The stability radius determined here differs from previous
tidal radius estimates in that it emerges naturally from a
stability analysis of the general three-body problem. It was
found that the eccentricity of the cluster-galaxy orbit is ex-
pected to have a far more significant effect on the tidal ra-
dius of globular clusters than previous theoretical results
have found.
The approach adopted here means that what is actu-
ally predicted is the boundary between stable and unstable
orbits for stars inside a cluster, which is interior to previous
tidal radius values for all parameters of the cluster-galaxy
orbit. This was found to be the case in comparison to the
commonly used tidal radius by King (1962) and to the more
recent radius by Read et al. (2006). One key difference be-
tween the stability radius and previous tidal radius estimates
is that a much stronger dependence on the eccentricity of the
cluster-galaxy orbit is predicted here.
This eccentricity dependence has been studied using N-
body simulations by Ku¨pper et al. (2010) and Webb et al.
(2013) who found that the limiting radius is larger than the
classical King radius. However these studies did not examine
the chaotic diffusion process and the timescale for how long
stars on unstable orbits take to escape the cluster. A sim-
ulation focussed on the chaotic diffusion process is ongoing
and will appear in a future publication.
From a practical point of view the major outcome of
this work is the derivation of an easy to use stability radius
of the form
rt = Rp
(
MC
MG
)1/3
f(eo) (45)
where f(eo) is given by a function (Equation 44) fitted to
stability results determined analytically from the stability
of the general three-body problem. This has a wide range of
applications, including the effect of unstable orbits on the
velocity dispersion profile for Milky Way globular clusters,
which is taken up in the second paper of this series (Kennedy
2014).
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